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ABSTRACT 
Modifications of t h e  Dugdale model a r e  introduced which e l imina te  
the discontinuous t r ansve r se  displacement at t h e  end of  t h e  crack and permit 
t h e  s a t i s f a c t i o n  of a Mises y i e l d  condition a t  t h e  c rack  t i p .  
are made t o  obta in  a d d i t i o n a l  points  on t h e  e l a s t i c - p l a s t i c  i n t e r f a c e  
near  t h e  crack. 
of t h e  material. 
Calcu la t ions  
Suggestions are made f o r  introducing work-hardening p rope r t i e s  
I INTRODUCTION 
The f i r s t  t h e o r e t i c a l  inves t iga t ion  of t h e  s t a b i l i t y  of cracks i n  a 
loaded s t r u c t u r a l  element was made by G r i f f i t h  [l] . 
of I n g l i s  [ 2 ]  f o r  a cracked e l a s t i c  p l a t e  subjected t o  tens ion  i n  order  t o  
formulate a s t a b i l i t y  c r i t e r i o n .  
remain q u i t e  popular even though the so lu t ion  y i e l d s  stress components which 
are s ingular  a t  t h e  crack t i p s .  
edges of t h e  crack a r e  wrenched apart  and ro t a t ed  through a r e l a t i v e  angle 
of n a t  t h e  crack t i p s .  
He u t i l i z e d  t h e  ana lys i s  
The r e s u l t s  were s o  simple t h a t  they  
Correspondingly,the i n i t i a l l y  p a r a l l e l  
These s i n g u l a r i t i e s  of s t r e s ses  were f i n a l l y  e l iminated i n  works by 
Chris t ianovi tch [3] ,  Barenblatt  [4] ,  and Dugdale [ 5 ] .  In  a l l  th ree  of 
these  inves t iga t ions  the  so lu t ions  are s t i l l  obtained from t h e  l i n e a r  
theory  of e l a s t i c i t y ,  but o ther  loads i n  addi t ion  t o  t h e  uniform s t r e s s  
f i e l d  at i n f i n i t y  are ac t ing  t o  cancel t h e  fundamental s i n g u l a r i t i e s .  In  
the  example considered by Chris t ianovi tch t h e  pressure of a l i q u i d  which 
p a r t i a l l y  w e t s  t h e  sur face  of a crack i s  balanced aga ins t  an ex te rna l  
compressive s t r e s s  ac t ing  f a r  from t h e  crack. Barenblatt  has introduced 
t h e  concept of cohesive fo rces  ac t ing  i n  a very small end zone of t h e  crack 
which r e s i s t  t h e  appl ied loads.  
descr ip t ion  of b r i t t l e  mater ia l s  w h i l e  t h e  model of Dugdale i s  appl icable  
t o  very d u c t i l e  mater ia l s .  The l a t t e r  model provides a simple representa-  
t i o n  of t h e  forces  exer ted  by t h e  p l a s t i c a l l y  deformed mater ia l  a t  t h e  crack 
t i p s .  
u l t imate  s t r eng th  of a cracked panel .  
T h i s  model i s  very usefu l  f o r  t h e  
However, t h e  Dugdale model does not give a c r i t e r i o n  f o r  t h e  
I n  t h e  present  repor t  some refinements are suggested. Although 
some of t h e  p rope r t i e s  of t he  p l a s t i c a l l y  deformed regions a r e  considered, 
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it i s  found t h a t  add i t iona l  information can be obtained from simple 
s o l u t i o n s  from t h e  theory of l i n e a r  e l a s t i c i t y .  
I n  h i s  or iginal .  m o d e l ,  Dugdale rep laced  t h e  very complicated non- 
l i n e a r  problem of  t h e  growth of p l a s t i c  reg ions  at  crack t i p s  by a simpler  
l i n e a r  elastic problem with new boundary condi t ions.  
c J, J, 
Fig. 1 Fig.  2 
FLASTIC mGIONS IN A T H I N  PLATE 
O F  DUCTILE MATERIAL 
DUGDALE ' S €U3PRFSENTATION 
Dugdale observed exper inenta l ly  t h a t  i f  t h e  p l a t e  i s  r a t h e r  t h i n  and i f  
t h e  material is  very d u c t i l e  then the y ie lded  zones are q u i t e  narrow and 
have t h e  shape ind ica ted  by curves r i n  Fig. 1. He t h e r e f o r e  e s t ab l i shed  
a comparatively simple, but very usef-d,  model as ind ica t ed  i n  Fig.  2. 
I n  t h e  mathematical m o d e l  t h e  s l i t  i s  extended s t r a i g h t  through t h e  p l a s t i c  
region out  t o  t h e  poin t  A .  The fact t h a t  y i e ld ing  has occurred i n s i d e  t h e  
curve r i s  replaced by t h e  following condi t ions .  The i n f i n i t e  e l a s t i c  
plane i s  a r t i f i c a l l y  extended r i g h t  up t o  t h e  x-axis. Boundary condi t ions 
are not spec i f i ed  on t h e  a c t u a l  i n t e r f ace  I? but  they  are given on t h e  
segment FA, which w i l l  be c a l l e d  y i e ld  segment here  i n  c o n t r a s t  t o  t h e  
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y i e l d  zone. The value of t h e  normal s t r e s s  on the  y i e l d  segment i s  taken 
t o  be Ys, t h e  y i e l d  s t r e s s  i n  simple tension, and t h e  length of the y i e l d  
segment i s  adjusted with respec t  t o  the  r e a l  crack length 2a and t h e  appl ied 
t e n s i l e  s t r e s s  T so t h a t  s t r e s s e s  a re  f i n i t e  (and continuous) a t  po in t  A .  
The simple r e l a t i o n  obtained by Dugdale i s  
a - -  = a rc  cos (a) 
ys 
Dugdale's experiments show t h a t  t h e  l eng th  of t h e  y i e l d  zone agrees 
remarkably w e l l  with equation (1) . 
and Hahn [6] and by Forman [7]  a l s o  agree with Dugdale's r e s u l t s .  
t h e  r e s u l t  (1) does not def ine a c r i t i c a l  stress f o r  rupture  a t  t h e  crack 
t i p .  I n  t h e  next s ec t ion  we w i l l  consider some refinements which must be 
made before  a f a i l u r e  c r i t e r i o n  can be introduced. 
S i m i l a r  experiments by Rosenf ie ld ,  D a i  
However, 
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I1 DISPLACEMENTS AND STRAINS AT THE CMCd TIP FORTHE DUGDALE MODEL 
It would be des i r ab le  t o  be able t o  determine t h e  c r i t i c a l  stress 
l e v e l  T which Causes f a i l u r e  ir? a cracked p l a t e  of E material w i t h  given 
yield s t r e s s  and s t ra in-hardening charac t l? r i s t ics .  This suggests t h a t  a 
c e r t a i n  measure of s t r a i n  a t  t h e  crack t i p  might be t h e  proper quan t i ty  
t o  use i n  a failure c r i t e r i o n .  This quzst ion w a s  considered by Goodier 
and F i e l d  [8],who noted t h a t  t h e  so lu t ion  of t h e  problem posed by Dugdale 
leads t o  a d i scon t inu i ty  of t ransverse  displacement, v, a t  t h e  end F 
of  t h e  real  crack. The v e r t i c a l  displacement of t h e  edges of t h e  s l i t  are 
ind ica t ed  i n  Fig. 2 i n  a g r e a t l y  exaggerated sca l e .  
condi t ion (1) does assure t h a t  t h e  ends of  t h e  s l i t  c lose  smoothly a t  A 
bu t  t h e  sides a c t u a l l y  open between F and A as i s  ind ica t ed  by t h e  c ros s  
hatching.  Therefore it i s  not  possible  t o  use t h e  usua l  d e f i n i t i o n s  t o  
discuss t h e  tTansverse s t r a i n s  on t h e  y ie lded  segment. A s  an a l t e r n a t i v e  
measure of t h e  s t r a i n ,  Goodier and F ie ld  proposed t h a t  t h e r e  e x i s t  some 
The f i n i t e  stress 
"gage length"  d and then  t h e  "cr i t i ca l  s t r a i n "  can be def ined as t h e  r a t i o  
of t h e  v e r t i c a l  displacement at F divided by t h e  gage length,  i .e.,  
F V - -  
c r i t i c  a1 - d  
Although t h i s  does g ive  a " s t r a in"  which has t h e  co r rec t  dimensions and 
which increases  monotonically with the  load  T , i t  i s  not  c l e a r  how t h i s  can 
be related t o  o the r  t es t s  such as a simple t ens ion  tes t  t o  determine a 
c r i t i c a l  l oad  f o r  t h e  cracked p l a t e .  
Rosenfield,  Dai,and Hahn did modic'y the normal s t r e s s  a c t i n g  on t h e  
segment FA so t h a t  t h e  stress correspod-s  t o  a l o c a l  t r ansve r se  s t r a i n  
def ined as i n  (2) .  
Dugdaie's modei with a piecewise constant d i s t r i b u t i o n  of normal stresses.  
These ailthclrs replaced the  constant  normal stress of 
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The s t r e s s  on each segment w a s  set equal t o  t h e  s t r e s s  measured i n  a simpie 
t ens ion  t e s t  a t  t h e  same value of s t r a i n .  However, s ince  it w a s  not 
poss ib l e  t o  def ine  t h e  gage length,  t h e  r e s u l t s  remain a b i t  i n d e f i n i t e .  
We w i l l  now consider  some improvements of Dugdale's model which are 
necessary for  t h e  d e f i n i t i o n  of a c r i t i c a l  s t r a i n .  Addit ional  cons idera t ion  
w i l l  be given t o  t h e  coupling between t h e  e l a s t i c  po r t ion  of t h e  p l a t e  and 
t h e  p l a s t i c a l l y  deformed material within t h e  y i e l d  zones bounded by t h e  
curves r i n  Fig.  1. 
i n t e r f a c e  curve r, it i s  convenient t o  represent  t h e  so lu t ion  i n  terms of an 
e l a s t i c  plane which i s  continued across r up t o  t h e  real  axis j u s t  as i n  
Dugdale's formulation. This formulation i s  chosen because it i s  s t i l l  
impossible t o  solve the  plane e l a s t i c i t y  problem f o r  data given on an 
a r b i t r a r y  contour such as r, but the complex va r i ab le  methods can be used 
e f f e c t i v e l y  f o r  t h e  plane with a s l i t .  Eventual ly  it w i l l  be des i r ab le  t o  
s a t i s f y  c e r t a i n  boundary condi t ions on t h e  curve r but  it i s  poss ib le  t o  do 
t h a t  by modifying t h e  s t r e s s e s  on the segment FA of t h e  s l i t  plane.  Now 
w e  w i l l  consider app l i ca t ion  of d i f f e r e n t  loads t o  t h e  segment FA, and 
we begin ir i th To3if ioet ion of t h e  n o r m a l  ma?. 
Although t h e  e l a s t i c  region r e a l l y  i s  bounded by t h e  
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I11 M O D I F I C A T I O N  OF NORMPL LOADS 
I n  order  t o  achieve a de f in i t i on  of s t r a i n  near the  crack t i p  which 
w i l l  be compatible with any continuum theory it i s  necessary t o  a t  l e a s t  
e l imina te  the  jump i n  v e r t i c a l  displacement across  t h e  s l i t  at  poin t  F. 
Simple so lu t ions  of t h e  loading of 
plane by a constant  pressure shows t h a t  i f  t h e  r e s u l t a n t  force i s  held 
an i n t e r v a l  of the edge of a -half- 
constant  as 
can be made 
expect t h a t  
s t r e s s  near  
Basic 
t h e  length  of t h e  i n t e r v a l  shrinks, then the  iocal displacement 
very large,  see Muskhelishivil i  [ 91, Sect ion 93. Therefore, w e  
t h e  displacement vF can be el iminated by adding more t e n s i l e  
t h e  poin t  F. 
so lu t ions  o f  t he  type used by Dugdale can be superposed t o  
obta in  an a r b i t r a r y  step-wise constant d i s t r i b u t i o n  of s t r e s s e s  on t h e  y i e l d  
segment, FA, i n  t he  manner of Rosenfield, Dai, and Hahn. An example with 
f i v e  s t eps  i s  sketched i n  Fig.  3. 
n 
I L  
K -  
h f l  Y 
7 
- P.4 
Fig* 3 
STEP-WISE CONSTANT D I S T R I B U T I O N  OF NORMAL STF33SS 
ON THE y 7 E L D  SEGMENT FA 
6 
The ca l cu la t ions  of s t r e s s e s  and displacement a r e  s impl i f i ed  i f  the  simple state 
of  compression c -T, c i T 0 i s  f i r s t  added t o  the probiem sketched 
Y x XY 
ab= .*re . rrL lllcll h ... a l l  stress components tend t o  zero a t  i n f i n i t e  d i s tance  from 
t h e  crack. 
Methods for  t h e  so lu t ion  of the f i r s t  fundamental problem of an e l a s t i c  
p l a t e  containing an e l l i p t i c a l  hole a r e  given i n  t h e  books Of Muskhelishvili  
and Sokolnikoff [lo]. 
a.nd consider Cne l i m i t i n g  case of a f l a t t e n e d  e l l i p s e  or s l i t .  
t o  i l l u s t r a t e  tine types of loads and t o  discuss t h e  mpping, it i s  more 
convenient t o  sketch an e l l i p t i c a l  hole i n  t h e  phys ica l  o r  z-plane and keep 
i n  mind t h a t  our a n a l y t i c a l  results have been spec ia l ized  t o  t h e  f l a t t e n e d  
e l l i p s e .  The bas ic  problem of a s ing le  s t e p  i n  normal load i s  sketched i n  
We w i l l  use the  nota t ion  of Sokolnikoff here 
However, 
Fig. 4. 
X D 
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THE ELLIPSE BEFORF: FLATTENING TO A SLIT 
AND ITS MAP IN THE 5-PLANE 
The first s t e p  of t h e  ana lys i s  i s  t o  map t h e  e x t e r i o r  of t h e  hole  of 
the z-plane onto t h e  u n i t  c i r c l e  i n  the  s-plane. The t ransformation for  
t h e  genera l  e l l i p t i c a l  hole  i s  
7 
The boundary of t h e  e l l i p t i c a l  hole i s  denoted by C: and the  pos i t i ve  
d i r e c t i o n  on C i s  clockqise so t h a t  t h e  e l a s t i c  region l i e s  on t h e  l e f t .  
Correspondingly, t he  p o , i t i v e  d i r ec t ion  on t h e  boundary Y i n  t h e  $-plane 
i s  counterclockwise. 5'he poin t  z i n  t h e  f i rs t  quadrant a t  t h e  end o f  t h e  
s t e p  of  normal pressure i n  t h e  z-plane i s  mapped i n t o  u 
quadrant on t h e  u n i t  c l r c l e  Y .  
lower edge of  the e l l j p s e  goes i n t o  a = eicr3. 
J 
i n  t h e  four th  3 
The map of t h e  conjugate poin t  7 on the  
3 
J 
In Appendix A t h e  so lu t ion  f o r  t h e  stress p o t e n t i a l s  i s  discussed 
more fu l ly ,  and here we w i l l  consider some r e s u l t s  for t h e  s l i t  where m = 1 
i n  t h e  mapping funct ion (3) .  The s t r e s s  components a r e  obtained from t h e  
f orrnulas 
8 i u  16ia r 2 
1- t * (1-r2)2 3 +J'- 3 L t  ( c )  R 33 + -  
where t h e  func t ions  L (0 and LbJ ( t )  a r e  
33 
and t h e  imaginary p a r t s  of t h e  las t  f lmct ions a r e  pos i t i ve  with 
The pos i t i ve  angles 
the  imaginary p a r t s  
which a r e  marked i n  t h e  u n i t  c i r c l e  of  Fig.  4 represent  
2J * 
of L and L I J  
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Closer  examination of  equations (ha) and (4b) shows that t h e  stresses 
do t e n d  t o  zero as 
t o  the t e r m  which are d i r e c t l y  propor t iona l  t o  cy . This  corresponds, f o r  
example, t o  a square root  s i n g u i a r i t y  of t h e  order  ( z  - a)-”* a t  t h e  
r i g h t  hand end of  t h e  s l i t  i n  the  z-plane. The o r i g i n a l  so lu t ion  of I n g l i s  
which w a s  used by G r i f f i t h  t o  e s t a b l i s h  h i s  energy c r i t e r i o n  f o r  crack 
growth can be obtained by s e t t i n g  
+ 0 (or I zl -, m) but  t h e r e  i s  a s i n g u l a r i t y  at 5 = - tl due 
J 
= cy 0 
i n  equat ions (4a) and (4b). 
I n  o rde r  t o  e l imina te  t h e  s i n g u l a r i t y  of t h e  Inglis solut ion,  
Zheltov and Chris t ianovich and Dugdale added one more term due t o  a s t e p  
load.  Dugdaie chose 
which resul ts  i n  equation (1). 
A s  Rosenfield,  D a i ,  and Hahn noted, it i s  poss ib i e  t o  superpose N + l  
s t eps  a n d  obta in  f i n i t e  stresses at poin t  A i f  t he  fol lowing f i n i t e n e s s  
condi t ion  i s  enforced 
N z pJcy5 = O 
j = O  
( 9 )  
The stress components dw t o  t h e  s teps  i n  normal load  are obtained by 
summing over j from 0 t o  N i n  equations (4a) and (4b), and a l l  l i n e a r  terms 
i n  t h e  g The appl ied  Load 
i s  
cance l  because of t h e  f i n i t e n e s s  condi t ion ( 9 ) .  J 
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The state  of simple t ens ion  must be added t o  r e t u r n  t o  t h e  o r i g i n a l  
problem indica ted  i n  Fig.  3.  This simple t e n s i l e  f i e l d  can be modified by 
r i g i d  body motions s o  t h a t  v(x,O) 0, and hence t h e  v e r t i c a l  displacement 
a t  F depends only on t h e  var ious s t ep  loads .  
In Appendix A it i s  shown t h a t  t h e  cont r ibu t ion  of t h e  jth s t e p  load  
t o  t h e  v e r t i c a l  displacement a t  t h e  edge of t h e  s l i t  i s  
(11) 
( s i n r  -s ine)  J 
J ( s i n  3 -s ine)  + cos CY In 
The e last ic  constant  H for t he  case of genera l ized  plane stress 3an be 
expressed i n  terms of Poisson’s  r a t i o  v :  
n = 3 - U  
1 +v 
Dimensionless loads c w i l l  now be introduced where s 
= ? J  - -  
c3 yn 
and Y 
point  ’J = ei6 i n  t h e  5-plane goes in to  t h e  following po in t  on t h e  s l i t  
is  an a r b i t r a r y  reference s t r e s s  for t h e  normal loads .  ~ A boundary n 
x = 2 R COS e, Y “  
The end of t h e  real  crack corresponds t o  
condi t ions  a t  F can be wr i t t en  i n  terms of t h e  
0 (14) 
0 = s ~ r  so t h e  displacement 
funct ions of (11). 
-1 
This condi t ion as well as t h e  f i n i t e n e s s  condi t ion (9) can be sat isf ied i f  
N > 2. - 
Ir, genera l  the oppcs i te  s i d e s  of t h e  s l i t  x i i l  cver lap  along t h e  
y i e l d  segment FA, but  t h i s  i s  acceptable  s ince  w e  are e s t a b l i s h i n g  an e l a s t i c  
10 
s o l u t i o n  which i s  v a l i d  only outside t h e  curve I?. However, from elementary 
cons idera t ions  of both t h e  e l a s t i c  and t h e  p l a s t i c  regions near po in t  F w e  
From t h e  symmetry of t h e  real p l a s t i c  region it follows that  t h e  shear  
stress, T and the  v e r t i c a l  displacement, v, are i d e n t i c a l l y  zero on t h e  
x-axis. Hence, i f  we assume t h a t  t h e  strain-hardening is or thot ropic ,  t h a t  
is, t h e  d i r e c t i o n s  of p r i n c i p a l  s t r e s s e s  and p r i n c i p a l  s t r a i n s  coincide, 
xy' 
t hen  t h e  shear  s t r a i n ,  Y 
F. O f  course, t h e  shear  s t r e s s ,  
a l s o  zero on the  e l a s t i c  s i d e  o f  F so t h e  real crack must c lose with zero 
must also be zero on t h e  p l a s t i c  s i d e  o f  F at xy' 
and consequently t h e  s t r a i n ,  y a r e  
Txy' xy' 
s lope  at F. 
displacement func t ions  (11) . 
This slope condition can a l s o  be expressed i n  t e r a s  of t h e  
j=o 
"nl Since t h e  term -(e) has a logarithmic s i n g u l a r i t y  at 8 = a/ it follows 
de 1' 
t h a t  we m u s t  choose 
c 1 = o  (17) 
It i s  useful now t o  b r i e f l y  consider t h e  y i e l d  condition on t h e  e l a s t i c  
p l a s t i c  i n t e r f a c e .  It 
i n  t h e  p l a s t i c  region, 
f E 3(J2-k') 
w i l l  be assumed t h a t  a Mises y i e l d  condi t ion  holds 
and f o r  our case  of plane s t r e s s  it can be w r i t t e n  
2 2 2 = cr - u u  + c r  4- 3TXY - 3k2 = 0 
2 I n  gene ra l  t h e  term k depends on t h e  p l a s t i c  s t r a i n  h i s t o r y ,  but f o r  
i n i t i a l  y i e ld ing  or po in t s  on the e l a s t i c - p l a s t i c  i n t e r f a c e ,  J3k can be 
taken  t o  be t h e  simple t e n s i l e  y i e l d  s t r e s s  Y SO t h a t  
S 
2 2 2 
x X Y  y 
f = u - c c r  + c  + 3 T x y - $  = 0 , o n r  
11 
The curve r passes  through t h e  point  F a t  the  end of t he  f r e e  sur face  of 
t h e  real  crack so two of the  stress components vanish at F and we f i n d  
where t h e  subscr ip t  F denotes the  l imi t ing  value from t h e  l e f t .  - 
Now w e  would l i k e  t o  ad jus t  t he  c o e f f i c i e n t s  c of t h e  bas i c  normal J 
l oad  so lu t ions  s o  t h a t  condition (20) would be s a t i s f i e d .  However, t h i s  
i s  impossible because of t h e  following r e s u l t  which can be obtained from 
Secion 93 of Mushkel ishvi l i ' s  book o r  from c a r e f u l  inspec t ion  and super- 
pos i t i on  of so iu t ions  of t h e  type given i n  equations (4a) and (4b).  
The two 
of an e l a s t i c  
a. The 
b. A l l  
e .  The 
s t r e s s  components CJ and u 
half-plane y > 0 i f  
shear s t r e s s  7 vanishes on y = 0, 
stress components a r e  of order  O(-) as m, and 
component u i s  continuous a t  the  poin t  of observat ion.  
a r e  equal a t  a poin t  on t h e  edge 
X Y 
- 
XY 
1 
z 
Y 
A statement of t h i s  type w a s  made by Goodier and F ie ld  except t h a t  
condi t ions b and c were omitted.  The s t a t e  of simple tens ion  
- 
CF 
necessary i f  we are t o  d iscuss  values at a poin t .  
= T, ux = T 
Y X Y  
E 0 would not be excluded i f  b were l e f t  out, and c i s  
These seemingly f i n e  
d e t a i l s  a r e  of importance at the  point F which i s  a po in t  of  d i scon t inu i ty  
i n  t h e  Dugdale so lu t ion .  However, t h e  condi t ion (17) r e s u l t s  i n  con t inu i ty  
o f  D at  F for t h e  present  so lu t ion .  
Y 
The cont?itions a and b a r e  s a t i s f i e d  by each of t h e  bas i c  s t e p  loads 
so e q u a l i t y  of u and u on the  s l i t  follows except a t  t h e  point  of  
d i scont inui ty ,  8 = . Only t h e  zeroth s t e p  load  gives  a cont r ibu t ion  a t  
9 = 2 and we f i n d  
X Y 
J 
1' 
YF = -Po = -T U =ls xF 
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Addition of a l l  o the r  s t e p s  of normal load  and of t h e  s t a t e  of  simple 
t e n s i o n  does not  c: nge the value of (T 
( 2 0 )  can never tc satisfied by a combination of normal loads.  
us t o  consider  t h e  add i t ion  of  t a n g e n t i a l  loads on t h e  yield se'gment. 
Consequently t!x ;i'ield condition xF * 
T h i s  ieads  
The d i s t r i b u t i o n  of shear s t r e s s e s  w i l l  a l s o  be taken as a f i n i t e  
sum of s t e p s  in t a n g e n t i a l  load of t h e  kina i l l u s t r a t e d  i n  Fig. 5. 
P I t 
Fig. 5 
"HE! STEP TANGENTIAL LOAD 
Tangent ia l  loads of i n t e n s i t y  q 
so  t h e  shear  s t r e s s  a t  t h e  boundary a l t e r n a t e s  i n  s ign  between successive 
quadrants. 
a c t  i n  d i r e c t i o n s  away from t h e  y-axis k 
The poin t  zk a t  t h e  end o f  t h e  s t r e s s  f r e e  a r c  maps i n t o  
cr = e  'i@k 
k 
Calcula t ions  described i n  Appendix A result i n  t h e  following stress components 
f o r  t h e  t y p i c a l  kth load. 
2qk cr + cr = - n Re(L58k] 
X Y  
where t h e  logarithmic function L i s  defined i n  Appendix A .  A s  i n  t h e  case 
of  normal loads we f i n d  t h a t  any s ing le  s t e p  d i s t r i b u t i o n  of  t a n g e n t i a l  loads 
l e a d s  t o  a stress s i n g u l a r i t y  at the  end of t h e  s l i t .  
case  t h e  s i n g u l a r i t y  i s  of t h e  logarithmic type  i n  t h e  stress component T 
14 
58k 
However, f o r  t h i s  
Xy' 
Detailed expansions about t h e  poin ts  s = +1 show t h a t  t h e  dominant terms - 
M 
k= 1 
This  simply means t h a t  t h e  t o t a l  shear stress a t  t h e  end of t h e  sl i t  i s  
zero.  
An addi t iona;  condi t ion can be der ived  from t h e  f a c t  t h a t  t h e  
r e s u l t a n t  o f  a i l  fo rces  appl ied  t o  the  y i e i d  segment FA must be s t a t i c a l l y  
eq i iva l en t  t o  t h e  fo rces  t ransmi t ted  across  t h e  real  e l a s t i c - p l a s t i c  i n t e r f a c e  
F. The v e r t i c a l  component of t h e  r e su l t an t  i s  not known, but,  as w e  noted 
e a r l i e r ,  t h e  shear  s t ress  7 vanishes i d e n t i c a i l y  on t h e  c e n t e r l i n e  of t h e  
r e a l  p l a s t i c  region so  the  hor izonta i  component i s  zero.  The statement i n  
XY 
terms of t h e  t a n g e n t i a l  ioads i s  
M 
T- 
\ q (cos Fk-l) = o 1: k 
k= 1 
Equation (24) can be added. t o  t h e  l a s t  condi t ion  t o  cance l  t h e  term -1 i n  
t h e  parentheses .  
It i s  a l s o  necessary t o  determine t h e  cont r ibu t ions  of t h e  t a n g e n t i a l  
loads t o  t h e  v e r t i c a l  displacement and slope at the  po in t  F. However, 
detai led ca l cu la t ions  show t h a t  if t he  t a n g e n t i a l  loads s a t i s f y  condi t ions  
(24) and (25) then  t h e  v e r t i c a l  displacement i s  i d e n t i c a l l y  zero on t h e  
stress free por t ions  of t h e  edge o f t h e  s l i t .  The d i s c o n t i n u i t i e s  a t  t h e  
ends of t h e  loaded a r c s  have been exciuded from t h e  e l a s t i c  region by s t a r t i n g  
each o f  t h e  s t e p  ioads in s ide  t h e  y i e ld  segment FA, t h a t  is, 
13 < cy1 for k > 1 1 - 
: '21 fo r  J > 2 - '3 
Therefore, t h e  add i t ion  of t h e  t a n g e n t i a l  loads does not  modify t h e  
condi t ions (15) and (16) which give zero opening and slope at the  poin t  F. 
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V YIELD CONDITIONS AT POINTS P' Al\U A 
It i s  a l s o  u s e f u l  t o  introduce a re ference  stress Y for t h e  t angen t i a l  t 
loads .  Then t h e  dimensionless Form of t h e  t a n g e n t i a l  load c o e f f i c i e n t s  a d  
corresponding stress components are 
'k % = y  
L, k= 1 
u - u + i27 
X - - 
X y t  yt 
+ i2T s y t  - Sxt 
S imi la r  dimensionless forms f o r  s t r e s s e s  due t o  the  normal loads are given 
i n  equations (Al3) and (Al4) of t h e  Appendix. The t o t a l  stresses are 
obtained by add i t ion  o f  t h e  components due t o  normal loads and t o  t a n g e n t i a l  
l oads .  
re fe rence  s t ress  Y o r  Y and r.dded. The t o t a l  stresses are 
Each of t h e  dimensionless forms must be mul t ip l i ed  by t h e  corresponding 
n t 
0- = YnSxn + YtSxt 
X 
N 
u = Y S  + Y S  + T  = Y S  + Y S  + Y n Z z c J a J  
Y n y n  t Y t  n y n  t y t  
j=1 
7 = Y T  + Y T  
XY n x y n  t xyt 
Another condi t ion  w i l l  now be imposed t o  obta in  t h e  proper shape f o r  
t.he e l a s t i c - p l a s t i c  i n t e r f a c e  I'. The s lope  of t h a t  curve must be zero at  
poin t  A as i s  ind ica ted  i n  F ig .  1. That is, t h e  d e r i v a t i v e  of t h e  y i e l d  
condi t ion  (19) w i t h  respec t  t o  x must be zero at poin t  A or 
Many of t h e s e  de r iva t ives  a r e  zero s ince most s t r e s s  components a r e  
cons tan t  on the edge of t h e  s l i t  near po in t  A. For a l l  t h r e e  types of 
loading  t h e  shear s t r e s s  i s  zero at A and t h e  normal stress on t h e  end 
dU 
of t h e  slit  i s  constant so 2- = 0. Also, as we noted before, t h e  
components u and 5 a r e  equal  on t h e  s l i t  f o r  t h e  case of normal loads  
X Y a5- - 
vanishes a t  A f o r  t h e  normal loads as well  as f o r  t h e  simple t ens ion .  
Hence, condition (31) reduces t o  the  following uncoupled condition on t h e  
so e 
t a n g e n t i a l  loads. 
Reduction of the so lu t ion  f o r  t h e  t a n g e n t i a l  loads  as 5 tends t o  a boundary 
i0 poin t  e g ives  t h e  following fornula f o r  t h e  stress component CJ on t h e  xt 
s l i t .  
M 
n = -Yt 2 TT 1 i n l s i n  2 0 - s i n  2 B k J  x t  
k= 1 
Therefore, equation ( 3 2 )  w i l l  be f u l f i l l e d  i f  t he  c o e f f i c i e n t s  % a l s o  
s a t i s f y  the  condition 
k= 1 
(33) 
(34) 
Now t h e  c o e f f i c i e n t s  dK have been s e l e c t e d  so tha t  t h e  condi t ion  (31) 
i s  f u l f i l l e d ,  and t h e  c have been chosen so t h a t  condi t ion  (15) and (16) J 
18 
on s lope  and displacement a t  poin t  F a re  s a t i s f i e d .  The t o t a l  stress f i e i d  
given by equations (30 )  must now be adjusted so t h a t  t he  y i e l d  condi t ion 
(19) i s  sat isf ied a t  b o t h  point  A m d  a t  p i n t  F. A t  p i n t  F most stress 
components vanish and we ob ta in  
The stress components at poiilt A are: 
N M 
2 + o -  = Y C c j  - yt gr\ I n  s i n  k u - D  
XA xnA xtA n 
j=o k= 1 
The c o e f f i c i e n t s  c and % are known so s u b s t i t u t i n g  t h e  stress s 
components at F, given i n  equation (35), and t h e  s t r e s s  state at A, g iven 
by equat ions (36) i n t o  t h e  yield condi t ion g ives  two equat ions which can 
be solved f o r  t h e  two reference s t r e s s e s  Yn and Y 
stress Ys. 
and t h e  one so lu t ion  i s  chosen which g ives  y i e ld ing  i n  tens ion  a t  t h e  po in t  
i n  terms of t h e  y i e l d  t 
Actuai ly  two roots  a r e  obtained from a quadra t ic  equation, 
F. 
An Algol program w a s  wr i t t en  f o r  t h e  eva lua t ion  of t h e  stress and 
displacement CoutpoiieIits o f  t h e  Sas i c  normal and tmgent. ia1 problems a t  an 
a r b i t r a r y  poin t  i n  t h e  z-plane. A compiex t r a n s l a t o r  which has  been developed 
a t  Stanford Research I n s t i t u t e  s impl i f ied  t h e  coding of t h e  complex func t ions .  
The weights c and 4.; are chosen f o r  each s t e p  load  s o  t h a t  condi t ions 
j 
( g ) ,  (15), (16), (24), ( 2 5 ) ,  and (34) are satisfied. Then t h e  re ference  
stresses Yn and Y 
t h e  yield condi t ion i s  s a t i s f i e d  a t  poin ts  F and A. 
are ca l cu la t ed  i n  terms of  t h e  y i e l d  stress Y so t h a t  t S 
Next, a r a y  8 = constant  i s  chosen i n  t h e  c-plane and computations 
of  stresses and displacements are made f o r  values of  161 ranging from .01 
t o  1.0. The corresponding po in t s  i n  t h e  z-plane l i e  on a hyperbola, and 
they  approach t h e  s l i t  as 
t h e  poin t  on t h e  hyperbola where t h e  y i e l d  condition (19) i s  s a t i s f i e d .  
These are po in t s  on t h e  e l a s t i c - p l a s t i c  i n t e r f ace ,  and they  are shown by 
do t s  i n  examples of  Figures 6, 
Ii,I-L A simple i t e r a t i v e  scheme i s  used t o  f i n d  
and 7. 
I n  the  cen te r  of t h o s e  diagrams are shown t h e  corresponding d isp lace-  
ments of t h e  real  c rack  surface.  The d i s t r i b u t i o n  of normal loads i s  shown 
on t h e  r i g h t  hand y i e l d  segment and the t a n g e n t i a l  loads are sketched on t h e  
l e f t  y i e l d  segment. Both d i s t r i b u t i o n s  of loads and t h e  opening of t h e  crack a r e  
p l o t t e d  with adjusted v e r t i c a i  scales ,  bu t  t h e  do t s  on t h e  i n t e r f a c e  r are 
p l o t t e d  with equal  v e r t i c a l  and hor izonta l  s c a l e s .  
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V I 1  CONCLUSIONS PXD SUGGESTIONS FOR FURTHER WORK 
We have seen here  t h a t  t h e  d i scon t inu i ty  o f  t r anve r se  displacement 
all; t h e  shear s t r a i n  a t  the poin t  F i n  +ha nllnrlo-to rnniiol uu6uc.LIL L..vu.-A c m  be e l imin i t ed  
by t h e  proper d i s t r i b u t i o n  of normal loads.  In t roduct ion  of t h e  add i t iona l  
t . s g e n t i a l  loads on t h e  segment FA permits s a t i s f a c t i o n  of t h e  y i e l d  
condi t ion  a t  both po in t s  F and A. Some of t h e  sample ca l cu la t ions  subjec ted  
t o  t h e s e  r e s t r i c t i o n s  resuit i n  an e l a s t i c - p l a s t i c  i n t e r f a c e  which resembles 
t h e  experimentai ly  determined curves shown i n  Forman's r epor t  and sketched 
approximately i n  Fig. 1. O f  course t h e r e  i s  s t i l l  considerable  freedom i n  
t h e  choice of t h e  d i s t r i b u t i o n  o f  loads, so we should not ye t  expect good 
agreement. 
Furf,her work w i l l  inciude attempts t o  introduce a simpie but  reasonable 
work-hardening model f o r  t h e  material in s ide  t h e  curve r. This w i i l  provide 
a simple r e l a t i o n s h i p  between s t r e s s e s  and displacements i n  t h e  i n t e r i o r  and 
on t h e  Pdge r of t h e  p l a s t i c  zone. 
Cornpatability of the e l a s t i c  and p l a s t i c  regions w i l l  be enforced on 
t h e  in t e r f ace  r.  A program f o r  increasing t h e  appl ied  t ens ion  T and, 
consequently t h e  s i z e  of t h e  y i e l d  zone w i l l  be developed. 
increased t h e  d i s t r i b u t i o n  of s t r e s s e s  and s t r a i n s  i n  t h e  p l a s t i c  zone w i l l  
be s tudied  t o  attempt t o  def ine  a f a i l u r e  c r i t e r i o n .  
A s  t h e  load  i s  
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APPENDIX A 
THE COMPLEX POTENTIALS FOR STEP NORMAL AND TANGENTIAL LOADS 
The case of genera l ized  plane stress i n  an in f in i t e  e las t ic  plme 
subjec ted  t o  a r b i t r a r y  loads on an e l l i p t i c a l  boundary can be solved by 
complex va r i ab le  methods which are descr ibed i n  t h e  books by Muskhelishvili  
2nd Sokolnikoff. The no ta t ion  of t h e  l a t t e r  book w i l l  be used here .  
The mapping func t ion  (3) transforms t h e  e x t e r i o r  of t h e  e l l i p s e  i n  
t h e  z-plane i n t o  t h e  i n t e r i o r  of t h e  u n i t  c i r c l e  i n  t h e  g-plane. Boundary 
condi t ions  are expressed by t h e  i n t e g r a l  
[ -p( z I )  +iq(  z I )  ]dz ( A l l  
c 
3 S F(s) = i ( (Tx+iT )ds = 
0 
Y 
S z 
where s i s  a r c  l eng th  on the  boundary curve C i n  t h e  z-plane, and T and 
T a r e  r e spec t ive ly  t h e  hor izonta l  and v e r t i c a l  components o f  boundary 
fo rces  per  u n i t  of  a r c  length  f o r  a p l a t e  of u n i t  th ickness .  Note t h a t  
X 
Y 
p o s i t i v e  p corresponds t o  a compressive norva l  stress on C and p o s i t i v e  q 
corresponds t o  a negat ive shear  s t r e s s .  on t h e  two 
loaded a r c s  f o r  t h e  normal case, Fig. 4, and i s  zero elsewhere. However, 
Therefore  p ( z ' )  = +p 3 
q ( z ' )  = +qk on t h e  loaded a r c s  i n  the  f i r s t  and t h i r d  quadrants and 
q ( z ' )  = -g i n  t h e  second and fou r th  quadrants of t h e  z-plane, Fig. 5.  
0 
k 
If t h e  lower l i m i t  of i n t eg ra t ion  s i s  chosen t o  be t h e  value 
corresponding t o  t h e  poin t  E, then  the i n t e g r a l  f o r  t h e  normal loading 
g ives  
for 
9 
Z on 
1 1  
a r c  
A l  
The t ransformation t o  t h e  corresponding boundary poin t  IJ i n  t h e  <-plane 
where z i s  replaced by t h e  func t ion  w(;) i n  equat ions (A2). Then t h e  
complex p o t e n t i a l  (p (5) i s  obtained from t h e  fol lowing i n t e g r a l  taken 
t h e  boundary y of  t h e  u n i t  c i r c l e .  
0 
( -43 1 
first  
around 
(A41 
For t h e  simple loading considered here  t h e  func t ion  Yo(;) can be expressed 
i n  terms of elementary i n t e g r a l s  including t h e  func t ion  l n ( c - c ) .  
i n t e g r a l  must va ry  continuously as CT t ransverses  t h e  var ious a r c s  of y which 
The 
dPtPrmines t h e  brarich of t h e  logarithm funct ion  and e s t a b l i s h e s  the  bounds 
on t h e  imaginary p a r t s  of  L and L given i n  equations ( 6 ) .  F ina l ly  t h e  
e l l i p s e  i s  f l a t t e n e d  t o  a s l i t  so t h a t  m -, 1 and z 
1 J  2 j  
--t zJ, and w e  f i n d  
The second complex p o t e n t i a l  i s  ca l cu la t ed  from t h e  r e l a t i o n  
Severa l  terms can be cance l ied  t o  obitain t h e  fol lowing r e s u l t s  
The following formulae are given by Sokolnikoff f o r  t h e  stress and 
displacement components i n  t h e  z-plane. 
A2 
2p(u-iv) = n Cpo - - z - d 2 M  dz - q ( z )  (A=) 
3-” 
l + V  
where N. = - f o r  genera l ized  plane stress.  The complex p o t e n t i a l s  a t  
corresponding po in t s  i n  t h e  z-  and j-planes are given by 
d z )  ( P O L )  44.) + O ( i )  (A121 
Chain d i f f e r e n t i a t i o n  and t h e  mapping func t ion  (3) can be used t o  relate 
de r iva t ives  at corresponding poin ts  i n  t h e  two planes.  
Equations (4a) and (4b) express t h e  components of stress due to a 
s i n g i e  normal load.  If t h e  dimensionless load  c o e f f i c i e n t s  c are 
introduced and the  f i n i t e n e s s  condition (9) i s  used then  t h e  dimensionless 
j 
forms of displacements and s t r e s s e s  due t o  a l l  t h e  s t eps  of normal load  are 
L e t t i n g  b t end  t~ a bnxqdary point eie on t h e  u n i t  c i r c l e ,  see Fig.  4, and 
ex t r ac t ing  t h e  cont r ibu t ion  of t h e  jth s t e p  t o  t h e  sums i n  (Al.5) g ives  the  
L 
P 
expression (11) f o r  t h e  displacement on t h e  s l i t .  
The case of t h e  fundamental s t e p  i n  shear  loads sketched i n  Fig. 5 
can be solved i n  a similar manner. However, t h e  t a n g e n t i a l  load  q changes 
from +q 
doubles t h e  amount of d e t a i l e d  ca l cu la t ions .  The p o t e n t i a l s  can be reduced 
t o  -qk a t  poin ts  A and D of t h e  boundary which approximately k 
t o  t h e  following forms f o r  a single s t e p  load .  
where t h e  abbrevia t ions  are 
-1-i: I n  
7k ‘“k- 5 
L 
- 
-Dk- b 
9k Uk-i 
- = I n   L 
-Dk -i 
- = I n  7LIOk 
uk-” 
The imaginary p a r t s  of each of t h e  func t ions  L 5k t o  Lllk a l s o  l i e  
i n  t h e  i n t e r v a l  0 t o  2n. The pos i t i ve  angles  marked i n  Fig.  5 represent  
the  imaginary p a r t s  of t h e  f i r s t  four  func t ions  L 5k to L8k* 
Further  s t ra ightforward,  but  tedious,  ca l cu la t ions  lead t o  t h e  
dimensionless s t r e s s e s  i n  equat ion (28) and ( 2 9 )  due t o  a l l  of t h e  s t e p  
t a n g e n t i a l  loads .  The corresponding dimensionless displacements are 
A4 
where the new sums are 
M M 
k= 1 k= 1 
M -  M 
k= 1 k= 1 
A5 
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AN EXAMPLE OF STEP DISTRIBUTIONS O F  NORMAL AND TAHGENTLAL LOAD. 
THE DOTS FBPRESENT POINTS ON THE ELASTIC-PLASTIC INTERFACE. 
CRACK OPENING IS  SHON? WITH AN EXAGGERATED SCALE. 
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AN EXAMPLE OF STEP DISTRIBUTIONS O F  NORMAL AND TANGENTIAL LOAD. 
THE DOTS FEPRESENT POINTS ON THE ELASTIC-PLASTIC INTERFACE. 
CRACK OPENING IS SHOWN WITH AN EXAGGERATED SCALE. 
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